Introduction
Conventionally forecast accuracy is assessed using statistical measures, which are usually based on point forecasts and some measure of the forecast errors, however these measures convey little information about the value of the forecast. Work by Leitch and Tanner (1991) , Granger and Pesaran (2000) and Pesaran and Skouras (2004) asserts that given forecasts are ultimately intended to inform decision making they should be evaluated in the decision making context for which they are intended. In light of this, decision-based forecast evaluation 1 is becoming increasingly popular, where forecasts are assessed from the forecast user's perspective using measures like pro…t and utility.
Predictability in asset returns and decision-based forecast evaluation in the context of investment decision making is examined by those including West et al (1993) , Pesaran and Timmermann (1995), Marquering and Verbeek (2004) , Thornton and Valente (2012) and Fuertes and Olmo (2013) . 2 Barberis (2000) …nds if returns are predictable and not i:i:d: then horizon e¤ects may in fact be observed 3 , and further the importance of parameter uncertainty is highlighted with the investor who ignores estimation risk over allocating to the risky asset. 4 Studies that use decision-based criteria to evaluate the predictive power of theory informed models include Abhyankar, Sarno and Valente (2005, henceforth ASV), who …nd exchange rate predictability to signi…cantly alter the optimal allocation and evidence of economic value to exchange rate predictability; further evidence is provided by Garratt and Lee (2009, henceforth GL) who also incorporate model uncertainty. Della Corte, Sarno and Thornton (2008, henceforth DST) present support for the Expectations Hypothesis of the term structure of interest rates under an economic value measure.
However, the literature that examines asset return predictability and the economic value of this predictability focus their attention on stock returns and exchange rates, with little attention being paid to interest rate predictability. This is what we seek to address here. Previous research concerned with assessing interest rate predictability largely use statistical evaluation criteria to compare forecasts generated from models that make di¤ering assumptions regarding predictability. 5 In this paper we consider …rst, how the allocation decisions of the investor are in ‡uenced by parameter uncertainty and predictability. Second, if a utility maximising investor gains, in terms of higher wealth, from assuming returns are predictable and using a model informed by economic fundamentals to forecast interest rates, as opposed to assuming they are not predictable and using a random walk model, in that we use decision-based forecast evaluation to assess if there is economic value to interest rate predictability.
The …ndings of ASV, DST and GL illustrate that the conclusion of how well the forecasts of models that assume predictability and are informed by economic fundamentals perform, compared to models of no predictability like the random walk, is sensitive to the evaluation criterion used. To be precise, under statistical measures no predictability models like the random walk are di¢ cult to beat, but under decision-based methods encouraging evidence in favour of predictability is found.
When considering interest rate predictability, we turn to the leading theory of the term structure, the Expectations Hypothesis (EH), which postulates that the long term rate is a weighted average of expected future short term rates. In their key study Campbell and Shiller (1991) consider if the yield spread of the term structure has predictive power for future interest rate changes. The explanatory power of the EH has been examined extensively, with empirical support for the EH found to be sensitive to the dataset, time period considered and testing method employed. However, many report a strong comovement between the actual spread and the spread predicted by the EH, thereby making it di¢ cult to reject a hypothesis that is economically signi…cant. 6 Here we use a Multivariate VAR in Transformed Interest Rates (MVART) model, which embeds the cointegrating relations between the yields as implied by the EH, to capture predictability.
The contributions of this paper are empirical. We consider asset return predictability and the economic value of this predictability in the context of interest rates, and to our knowledge DST is the only other. Our work di¤ers from DST in several ways; they focus on testing the EH and seeing if there is economic value to departures from the EH. We however, use an unrestricted VAR, i.e. the MVART model, since we do not seek to test the EH. We are concerned …rstly with our models'ability to forecast out-of-sample and secondly with the e¤ects of parameter uncertainty and predictability on the optimal allocation, neither of which DST consider.
In brief, we compute the optimal portfolio allocation for a buy-and-hold investor with power utility over terminal wealth, using weekly data for the UK during 1997 week 10 to 2007 week 19, for two assets the 1-month and the n-month T-bill for n = 3; 6; 12 months, over investment horizons of up to 2 years. The assets considered here provide risk-free returns and only di¤er in their maturity. We consider two models that make opposing assumptions regarding return predictability. If the investor believes returns are not predictable, she uses a random walk with drift model to forecast returns and inform her allocation decisions. If she believes that returns are predictable she uses the MVART model. Using these two models we examine the impact of predictability and parameter uncertainty on portfolio allocation, and further see if there are signi…cant gains to an investor in terms of wealth from assuming returns are predictable and given by the MVART model. We do not take into account transactions costs and our work is based on the asset allocation framework used in Barberis (2000) , ASV and GL. Both statistical and decision-based criteria are used to evaluate the out-of-sample forecasting performance of the models. Two types of uncertainty are considered here, future and parameter. 7 Initially parameter uncertainty is ignored, however potentially insigni…cant standard errors may imply that the true forecasting ability of the estimated coe¢ cients may be weaker than that suggested by the coe¢ cient estimates, Barberis (2000) . Hence, by accommodating parameter uncertainty an improvement in the portfolio decision may be observed.
We …nd that an investor allocates di¤erently when she assumes predictability to one who assumes that returns are not predictable. Further, the results under the statistical and decision-based criteria do not entirely coincide, with the evidence in favour of predictability being di¤erent under each criterion.
We recognise that it may be unlikely that an investor will have a portfolio consisting only of T-bills, however, we use this illustrative strategy to ascertain the e¤ect of predictability and parameter uncertainty on allocation decisions, and determine if there is economic value to interest rate predictability.
The setup of this paper is as follows: Section 2 provides details of how the interest rates are modelled, the investment decision and the framework used to evaluate the economic value of predictability; Section 3 describes the dataset, the estimated models and provides a statistical forecast evaluation of each model; in Sections 4 and 5 we analyse the e¤ects of predictability and parameter uncertainty on the optimal allocations and judge the models' forecasting performance by comparing their realised end-of-period wealth, and Section 6 concludes.
Allocation, Parameter Uncertainty and Predictability
We examine how a utility-maximising investor allocates her portfolio between 1-month and 3-, 6-, or 12-month T-bills and consider if there are gains in utility for an investor who believes returns are predictable and employs a model informed by economic fundamentals to forecast interest rates. Here we describe the models and the decision-based measure used.
Modelling the Interest Rate
The EH in a linearised form, see Campbell and Shiller (1991) , states that the return on a n-period zero coupon bond should equal the return on a rolling investment in a sequence of k m-period bonds, where the integer k = n=m and n > m, plus a time invariant term premium/liquidity premium c (n;m) :
7 Where future uncertainty is that surrounding forecasts which is the result of unobserved future shocks. Parameter uncertainty for a given model, is that "concerned with the robustness of forecasts to the choice of parameter values" Garratt, Lee, Pesaran and Shin (2006, pp. 153).
That is, the long rate is given by an average of the expected future short rates plus a liquidity premium. Further, the EH can be formulated as:
which describes the spread by expected future changes in the short rate. That is, aside from the constant premium, the spread is a re ‡ection of the expected change in the short term rates over the life of the long bond. If the yields share a common stochastic trend, then we should …nd (q 1) cointegrating vectors, as implied by stationary bivariate spreads, in a set of q non-stationary yields. This is one method by which the validity of the EH is tested. Assuming that yields are di¤erence stationary and there exists a cointegrating relationship between n-and m-period yields, such that spreads are stationary, then there exists a Wold representation which can be approximated by the following VAR(p) model:
where in this multivariate case q = 4 with x t = s . This VAR(p) is denoted the Multivariate VAR in Transformed Interest Rates (MVART) model, and describes the change in the m-period rate and the spread between the n-and m-period yields using past changes and spreads.
The EH can be further tested by imposing restrictions on the MVART model. 8 Here we do not impose such a stringent structure, but use the MVART model that embeds the cointegration as implied by the EH to explain and capture the UK term structure and in turn forecast the yields. As such, if the investor believes bill returns are predictable she employs the MVART model to forecast future returns.
In contrast, if however the investor believes that returns are not predictable, the random walk with drift (RW) model is used to forecast returns. In this case the VAR(p), equation (3), has x t = r (12) t ; r (6) t ; r and no predictor variables hence B i = 0 and r (n) t = + t . By modelling T-bill returns in these two ways allows us to examine whether it is bene…cial to the investor, in terms of wealth gains, to assume that returns are predictable as opposed to assuming they are not. Both the RW and the MVART models are estimated when parameter uncertainty, which is the uncertainty about the true values of the model's parameters, is both ignored and accounted for. 9 
Investment Strategies
The buy-and-hold investor faces the problem of how to optimally allocate her wealth over a H month investment horizon between m-and n-month T-bills. Where r (n) t and r (m) t are the annualised, continuously compounded nominal zero coupon yields on m-and n-month bills respectively. If H = n, then the investment horizon is equal to the asset with the longest maturity considered, so the investor allocates the proportion ! of her initial wealth in a sequence of m-month bills and (1 !) in a single n-month bill. If H > n then the investor allocates ! in a sequence of m-month bills and (1 !) in a sequence of n-month bills. That is, she invests ! in a sequence of s = H=m rolling investments in short m-period bills and (1 !) in a sequence of l = H=n long n-period bills. Assuming that initial wealth is W T = 1, then the cumulative return at the end of the investment period W T +H is:
If H = n, then the return from the investment in the long n-period bill is known with certainty 10 , such that E T r
T and W T +H can be found by setting H = n in equation (4) . Into this decision making process risk aversion can be incorporated, using the end-of-horizon wealth W T +H from the standard constant relative risk aversion (CRRA) power utility function 11 , the utility is:
where A is the coe¢ cient of risk aversion. The investor faces the following optimisation problem in T : max
where the investor computes the expectation above conditional upon the information set available at T . That is, the investor maximises the expected utility with respect to the proportion of the portfolio allocated to m-month bills. Assessment of the above strategy requires expectations of (W T +H (!)) to be formed based on the information available at T . Due to the non-linear nature of W T +H the entire joint probability distribution of the forecast values of r T +(i 1)n , where i = 1 to s; or l respectively, is required over the H period investment horizon to evaluate E T ( (W T +H (!)) j T ). 12 From which the expected utility can be calculated for each possible proportion, and the optimal allocation is that which yields the maximum expected utility.
1 0 In this sense the long n-period return is riskless, but the return from the rolling investments in mperiod bills are risky since future short rates are unknown. However, when H > n then the cumulative returns from both the n-and m-period investments will contain unknown future returns. 1 1 See Campbell and Viceira (2003, pp. 24 and 42) for details on the properties of the CRRA utility function. 1 2 It can be shown that the expected value of a non-linear variable is a function of its mean, variance and covariance, i.e. E (exp (t 0 X)) = exp t 0 + 1 2
Fundamental to this optimisation problem is the distribution the investor employs to evaluate this expectation, the distribution used depends upon whether the investor believes bill returns are predictable. To ascertain the in ‡uence of predictability on allocation decisions a comparison between the allocations of an investor who ignores predictability, to one who takes it into account can be made, this is discussed in greater detail below.
The above investment strategy will be explored with n = 3; 6 and 12-month T-bill rates and m = 1-month rate, where each of the three pairwise combinations of n and m will be examined. So over the investment horizon H; the investor will consider how to optimally allocate when faced with the following three portfolio choices:
(1) 1-month vs 3-month under H = 3; 6; 12; 18; 24 months In the case where H = n there is uncertainty surrounding the future values of the short rates only and for H > n there is uncertainty about the future long rates too. Each of (1), (2) and (3) are considered for the levels of risk aversion A = 2; 5; 10, with A = 10 being the highest level. Under these three portfolio combinations we consider how (i) the assumptions regarding predictability, (ii) whether the investor incorporates parameter uncertainty or not, (iii) her level of risk aversion and (iv) the length of the investment horizon, a¤ect the way in which she allocates her portfolio. 13 
The Predictive Density Function
The approach taken to estimate the density function when parameter uncertainty is ignored and when it is incorporated will now be discussed. The form the density function P (X T +1;H j X T ) takes is determined by the types of uncertainty surrounding the forecasts, as well as the way in which the function is characterised and estimated. Studies including Kandel and Stambaugh (1996) , Barberis and ASV estimate the density function using a fully Bayesian approach. We follow an alternative approach proposed by Garratt, Lee, Pesaran and Shin (2003 and 2006, henceforth GLPS) and GL, which takes a classical stance on the Bayesian approach to estimating the density function. This approach avoids the need for priors since approximations of certain probabilities of interest are made. We will now discuss the methods employed to estimating the predictive density, as proposed by GLPS and GL.
To evaluate each investment decision over the investment horizon the investor needs the probability density function of the forecast values of the m-and n-month rates. Following GL x t = (x 1t ; x 2t ; :::; x qt ) 0 is a q 1 vector of q variables (including at least the variables of interest i.e. r (m) t and r (n) t ), and X T = (x 1 ; x 2 ; :::; x T ) 0 is a q T vector containing the observations 1 to T of the q variables. The conditional probability density function P (X T +1;H j X T ) is required for the forecasts of the variables, this predictive density function gives the probability density function of the forecast values of the q variables over the horizon T + 1 to T + H, where X T +1;H = (x T +1 ; x T +2 ; :::; x T +H ) 0 conditional on the observed values of the q variables from 1 to T:
The investment problem that the investor is faced with depends on whether she considers the uncertainty surrounding the parameters. In the case where the investor ignores parameter uncertainty, she calculates the expectation over the distribution of returns conditional on the …xed parameter values b , so the predictive density is P X T +1;H j X T ; b . The investor's problem to solve ignoring parameter uncertainty is:
However, if the investor incorporates parameter uncertainty then the predictive density for the returns, which is conditional on the observed data only, is given by:
The posterior probability of , denoted P ( j X T ) gives the uncertainty surrounding the parameters given the observed data. So the investor's problem now is:
where the posterior density P ( j X T ), equation (8), is proportionate to the product P ( ) :P (X T j ) ; i.e. of the prior on and the likelihood function. GLPS and GL suggest that the predictive density P (X T +1;H j X T ) can be estimated using Monte Carlo integration techniques if meaningful priors exist. However, in the circumstance where meaningful priors are di¢ cult to obtain, they propose the use of approximations to the key probabilities needed to estimate the predictive density. They make the following assumption for the posterior probability of :
where b T is the maximum likelihood estimate of the true parameter value of and T 1 b V is the asymptotic covariance matrix of the estimated parameters b T .
The forecasts are in ‡uenced by various uncertainties including stochastic, parameter and model uncertainty, here we consider both stochastic and parameter uncertainty. We abstract from model uncertainty, but do model interest rates under two di¤erent assumptions, …rst assuming returns are not predictable as given by the RW model, and second that they are predictable as given by the MVART model.
For these two models an estimate of the probability density function of the forecasts can be obtained using stochastic simulation techniques, where these simulations provide an estimate of the predictive densities P X T +1;H j X T ; b in the case where parameter uncertainty is ignored and P (X T +1;H j X T ) when it is considered. It is then possible to evaluate E T ( (W T +H ) j T ) for a range of portfolio weights !: In practice (W T +H (!)) is computed e R times for each value of !, then the mean across these e R replications is calculated, from which the investor chooses the weight ! that maximises the expected utility E T (W T +H (!)) : Here ! takes values 0, 0.01,...,0.99,1, where ! = 0 suggests that the investor should allocate all to n-month bills and ! = 1 suggests that all should be allocated to 1-month bills. Since the weight is between 0 and 1 we do not allow for short selling. Details of the estimation procedure, how the computations are carried out and the method by which the errors are calculated 14 are provided in Appendix A.
Here we consider four possibilities for the distribution of future returns given by when the investor assumes no predictability compared to predictability, both when ignoring and then incorporating parameter uncertainty. From this, how the optimal allocations di¤er under the assumptions of predictability and parameter uncertainty can be observed.
Modelling the UK Treasury Bill Rates

Interest Rate Data
We employ data for UK Treasury Bills of maturities 1, 3, 6, 12 months over the period 1997 week 10 to 2007 week 19. Speci…cally, Wednesday observations of the nominal government spot rates, giving a total of 532 observations for each maturity, all yields 15 are continuously compounded and annualised. 16 These n-month nominal government spot interest rates refer to those applicable today on a n-month risk-free nominal loan and by de…nition this (the nominal government spot rate) is the yield to maturity of a nominal zero coupon bond. 17 From Figure 1 the 1-, 3-, 6-and 12-month T-bill yields in general appear to decline until 2003, after which an upward trend is apparent, with average yields of 4.98%, 4.97%, 4.96% and 4.99% for each rate respectively. Further, we …nd the yields are di¤erence stationary, and the (n; m) rate spreads between the (3; 1) ; (6; 1) and the (12; 1) rates are stationary. Stationary spreads provide support for the EH, we …nd further support in the form of yields sharing a common stochastic trend with cointegrating vectors being (1, -1) as implied by the EH. 18 The two models are each estimated over the period 1997 week 10 to 2004 week 18 (374 observations) and then recursively at weekly intervals from 1997 week 10 to 2005 week 18 (427 observations), giving 54 recursions in total. For each recursion we generate h-step ahead out-of-sample forecasts 19 For each recursion the investor will use her generated forecasts to determine how to allocate her portfolio optimally. For each of the three portfolio choices, i.e. 1-month vs n-month n = 3; 6; 12, under each A and H, we will have 54 allocation decisions with which to compare the allocations and utility gains under each model, both without and with parameter uncertainty.
Model Estimation
Here we describe how we estimate the two models and present the estimated regression results for the …rst recursion over 1997 week 10 to 2004 week 18. Estimates of the RW model are given in Table 1 . The optimal lag for the MVART model is chosen by estimating a set of VAR(p) models for p = 0; 1; :::12 over 1997 week 10 to 2004 week 18, the optimal lag length is that which minimises the Schwarz Information lag selection criterion and based on this a MVART model of order 9 is estimated, Tables 2 and 3 . 20 Comparing the two models, a gain in explanatory power for the 1-month return is observed when assuming returns are predictable and all coe¢ cients are jointly signi…cant at the 1% level under the MVART model. The diagnostics show evidence of serial correlation in the RW model, in contrast to the MVART model. Further, the nulls that the residuals are homoskedastic and normal are rejected under both models, which is not surprising given that we are using …nancial data. These results indicate gains in terms of explanatory power and having a model free of serial correlation when predictability is assumed.
Statistical Forecast Evaluation
A statistical evaluation of the out-of-sample forecast performance of the two models can be made using the root mean squared error (RMSE). The RMSEs of the 1-, 3-, 6-and 12-month return forecasts, for forecast horizons H = 1; 3; 6; 12; 18 and 24 months for each model, both ignoring and incorporating parameter uncertainty are given in Table 4 , and Table 5 reports the ratio of the RMSEs for each model to the benchmark model. The RW model when parameter uncertainty is ignored is taken as the benchmark, and a value of the ratio less than one indicates that the RMSE of the model is lower than that of the benchmark.
The RMSEs of the bill return forecasts indicate that only at H = 1 for the 1-month return does the MVART model beat the benchmark. The RW and RWPU models, that make the strong 'no change'assumption, outperform the models that assume predictability at each horizon for the 3-, 6-and 12-month returns. The RMSEs of the RW models without and with parameter uncertainty are virtually the same, which is not surprising since we only estimate ; whereas small di¤erences are observed between MVART and MVARTPU. In general, the di¤erences observed in the RMSEs amongst the models are small. These results broadly correspond to those found in the interest rate and exchange rate forecasting literature, which reports that under statistical criteria sophisticated theory informed models are outperformed by a simple random walk.
From the ratios it is apparent that not only do the RW models outperform the MVART models 21 , but the ratio of the MVART models to the benchmark increases with H, suggesting their forecasting ability deteriorates relative to the RW model with the investment horizon. Generally, the RMSEs increase up until H = 6 before decreasing, implying that they are non-monotonic. That is, they do not increase with H but instead oscillate in relative value, suggesting that both models are better at forecasting over longer horizons. This statistical evaluation does not provide an indication of how these models perform in an investment decision making context.
Predictability & Parameter Uncertainty E¤ects
We now examine the implications for the optimal allocation when the investor assumes returns are not predictable compared to when predictability is assumed, in both cases parameter uncertainty is ignored and accounted for. In the case where parameters are assumed …xed the maximisation problem is given by equation (7) and under parameter uncertainty by equation (9) .
The models are estimated …rst over 1997 week 10 to 2004 week 18, the optimal weights are then calculated from the forecasts generated from each estimated model. This is then repeated as we move forward by one week, re-calculating the expected utility to …nd the optimal weight for this new augmented sample. This is repeated for each recursion, such that we have results for 54 recursions over the total evaluation period 2004 week 19 to 2007 week 19. Figure 3 and Table 6 are based on the optimal allocation results averaged over the 54 recursions for a particular A, H, model and portfolio combination. Figure 2 shows the expected utilities for each recursion from a rolling investment in the 1-month bill given by E(U 1) and n-month given by E(U n) for n = 3; 6; 12, A = 2 and H = 24. We only present the plots for A = 2 and H = 24 for illustrative purposes, the results under A = 5; 10 and H = 6; 12; 18 are not signi…cantly di¤erent. It can be seen that the computed expected utilities, although of similar magnitude, are di¤erent under each model. Further, there are di¤erences in the way the expected utilities change over the recursions under the RW and MVART models, these di¤erences will be re ‡ected in how the investor ultimately allocates.
Figures 3 provides an illustration of the link between the expected utilities computed by the investor and the optimal allocation. It depicts the optimal allocation to the 1-month, 100!%, given the di¤erence in E(U ) between the 'all in the 3-month' and 'all in the 1-month' investments, for each investment horizon, for A = 2 under the MVART model ignoring parameter uncertainty. It can be seen that when the di¤erence is positive, where we expect to gain a higher utility from investing 'all in the 3-month' than 'all in the 1-month', the investor allocates her entire initial wealth in 3-month T-Bills, and vice versa when the di¤erence is negative. 22 The impact of the various e¤ects upon the allocations is summarised in Table 6 . Here under each portfolio combination for a given A; H and model the table gives as a percentage the number of times out of the 54 recursions the investor allocates everything to the 1-month bill, i.e. ! = 1. The results are presented this way, …rstly, because nearly all the allocation results suggest an optimal weight of ! = 0 or 1. This implying that the investor, given the aim is to maximise expected utility, invests everything either in 1-month or n-month bills depending on which yields the higher expected utility, and not a mix of the two bills considered. Secondly, using these percentages we can see how the allocations di¤er under varying degrees of risk aversion, investment horizons, assumptions of predictability and the inclusion of parameter uncertainty.
The allocations vary by 0 to 8% amongst the three levels of risk aversion, A, considered. 23 These small di¤erences in allocation are arguably not surprising given that the assets considered here belong to the same asset class, only di¤er in their term to maturity and are positively correlated. So even though the investor may be highly risk averse, the opportunity for the investor to diversify out the risk here is small because the risk is non-diversi…able. Now comparing the allocations for di¤erent investment horizons for a particular 1-month vs n-month portfolio combination and model, the allocation to the 1-month generally increases with the investment horizon, where the increases are larger under predictability. This suggests that if the investor assumes predictability, then the allocations are more sensitive to the investment horizon.
If the returns are modelled as being non-stationary, the variance of the returns continue to grow linearly with H. However, if the yields are modelled as stationary the variance grows less than linearly and in the long run converges to some long-run value. 24 How the variance evolves will be translated through to the variance of the cumulative returns, which will determine how risky the asset appears in the long run compared to the short run, and thus how the investor's allocation will di¤er with the investment horizon. Here the yields are found to be and thus modelled as non-stationary under both the RW and MVART models. Hence both the RW and MVART models'variances will evolve in the same way, i.e. faster than linearly with H, suggesting that the bills appear riskier in the longer run than the shorter horizons for both models. Since it is not possible to rank 2 2 We only present the plots for A = 2 because a signi…cant di¤erence in allocations between the di¤erent A is not observed. Further, we only show the plots under the MVART model for the 1-month vs 3-month strategy to provide a general impression of the link between the expected utilities the investor calculates and how she eventually allocates between the two bills. 2 3 The results were not signi…cantly di¤erent when this exercise was carried out with extreme levels of risk aversion i.e. A = 20; 50; 100. 2 4 An appendix discussing the mean and variance of returns when the returns are modelled as nonstationary, in comparison to when they are treated as stationary is available on request.
the variances under each model a priori, we later discuss how the actual variances of the forecasts evolve with H here under each model using our computed RMSEs.
E¤ect of Predictability
We now examine the e¤ect of predictability ignoring parameter uncertainty on the optimal allocation. When comparing the RW with the MVART model the investor moves from assuming no predictability to predictability of returns. Under predictability if the investor is better able to capture and explain the yields, i.e. in-sample R 2 is higher, then assuming that the relationship remains stable over the forecast horizon, we would expect the MVART model to produce more accurate forecasts. Thus the variance of the forecasts under the MVART would be lower than that under the RW, and hence the asset would look less risky under the MVART.
Moving from the RW model to the MVART model there is a gain (in-sample) in explanatory power with the R 2 for r (1) t increasing from 0% to 27%. Although only r
(1) t is directly comparable under both models, it is reasonable to expect that all the n-month bills will gain when moving from the RW to the MVART model in terms of explanatory power 25 , such that it applies to all the returns that as they become more predictable they become more attractive to the investor. However, this gain in in-sample predictability is not translated into an out-of-sample gain, as the RMSEs of the MVART model are higher than those of the RW. However, GL note "...as shown in Clements and Hendry (2005) , using RMSE as a criterion penalises models for including variables with low associated t-values even if the model is misspeci…ed by their exclusion", so the poor performance of the MVART model according to the RMSE criterion may be largely due to the fact that it is heavily parameterised in comparison to the RW model.
The di¤erence in allocations between the RW and MVART models varies from 8 to 58%. Under 1-month vs 3-month, for all H, the MVART models allocate more to the 1-month. However, under the 1-month vs 6-month and the 1-month vs 12-month for each H, it is the RW models that allocate more to the 1-month. For each portfolio combination (1-month vs n-month, for n = 3, 6 and 12-month bills) both of the assets will go from being 'not predictable' as determined by the random walk, to being 'predictable' as described by the MVART, so how the allocation di¤ers under the RW to that under the MVART will depend on which of the two bills gains more from the assumption of predictability.
Generally, large di¤erences are observed between the allocations of the RW models and MVART models, suggesting that the investor who assumes that returns are not predictable will allocate di¤erently to one who assumes that they are predictable. Thus the assumptions made regarding predictability are important in determining how the investor allocates. 2 5 Regression results showing that past changes and spreads have explanatory power for r (n) t for n = 1; 3; 6 and 12 months are not included here, but are available upon request.
E¤ect of Parameter Uncertainty
Looking now to the e¤ect of parameter uncertainty, incorporating parameter uncertainty increases the variance of the forecast returns at all H, so the asset looks riskier relative to when it was modelled ignoring parameter uncertainty. If all the assets are a¤ected by this additional form of uncertainty, how the allocation changes when parameter uncertainty is incorporated to when it is ignored, under a given model, will be determined by which asset's variance has increased the most.
Comparing the allocations without and with parameter uncertainty for both the RW and the MVART models in turn allows the impact of parameter uncertainty to be isolated. The impact on allocation varies by 0 to 21% under the RW model. In the 1-month vs 3-month portfolio combination, at all H the allocation changes by 0 to 2%; 1-month vs 6-month by 0 to 6%; 1-month vs 12-month H = 12 by 0 to 2% and up to 21% for H = 24. In most cases the allocation to the 1-month increases under parameter uncertainty, suggesting that the 1-month looks comparatively less riskier than the n-month when parameter uncertainty is incorporated.
Under the MVART model parameter uncertainty has more of an impact, where the change in the allocation ranges from 0 to 17%. For each of the portfolio combinations, for all H, in the 1-month vs 3-month the allocation changes by 0 to 6%; 1-month vs 6-month by 7 to 17% and no change is observed in the 1-month vs 12-month. Mostly the allocation to the 1-month decreases under parameter uncertainty, implying that under the MVART model with parameter uncertainty the 1-month looks riskier.
To help explain the optimal allocations observed we can consider how the variances about the distribution of future predicted returns evolves over the forecast horizon. 26 Here it is reasonable to suppose that the RMSEs and the variances are closely related 27 , allowing us to use the RMSEs as an indication of how the variances of the forecasts evolve. Recall Tables 4 and 5 , the non-monotonic RMSEs imply that the variances of the forecasts are also non-monotonic 28 , they increase up until H = 6; 12 months and then decline.
Since the variance about the forecasts contracts and expands with H, the asset will appear more risky at some horizons than at others. Further, the variances of the di¤erent returns oscillate at di¤erent rates, otherwise the RMSE for each return would be equal. This indicates that some n-month returns have a greater variance about their distribution of forecasts than others, so at some horizons the 1-month bill will appear more risky than the n-month and at others less. Under the RW models a clear ranking emerges with the 1-month having the largest variance and the 12-month the smallest, for all H. Under the MVART models the variances are not only bigger for each bill and H, but seem to oscillate more, with the 1-month looking less risky than the n-month over the shorter horizons and more risky over the longer horizons.
This non-monotonicity combined with the fact that the variances of the returns expand and contract at di¤erent rates could provide an explanation for the optimal allocations observed here. In that, when computing expectations of (W T +H (!)), due to the nonlinear nature of W T +H the investor requires the variances and the covariances of the forecast returns at each step ahead as well as their means. So how the variances of the forecasts di¤er for each n-month bill over H, together with the assumptions regarding predictability and parameter uncertainty, will in ‡uence expected utility because of the way it is calculated and hence the ultimate optimal allocation.
Economic Value of Predictability
It is clear from the results that the allocations are sensitive to the assumptions made regarding predictability, whether parameter uncertainty is incorporated and the investment horizon. In this investigation we also seek to ascertain if there is economic value to interest rate predictability. The RMSE provides a statistical measure of forecast accuracy, we now will assess forecast performance by considering the economic value of the forecasts to the investor. An economic evaluation of the forecast performance of each model is reported in Table 7 under each portfolio combination for A = 2 and each H. Results are reported for A = 2 only because those for A = 5 and 10 are not considerably di¤erent. We compute the end-of-period wealth 29 that the risk averse investor would have achieved over 2004 week 19 to 2007 week 19, had she allocated her portfolio as suggested by the optimal weights. Where the optimal weight ! is that calculated by solving the utility maximisation problem 30 , these realised wealths are averaged over 54 recursions and then ranked in descending order so the performance of each model can be compared.
Apart from the RW and MVART models described above, under which parameter uncertainty is both ignored and incorporated to derive the optimal allocations, we introduce two passive 'lazy'strategies. Here the investor makes no attempt to model or predict the returns, but instead either invests (1) all in 1-month bills (A1) or (2) all in n-month bills (An) for n = 3, 6 or 12.
The top position is mostly occupied by the lazy 'all in 1-month'strategy, with the 'all in n-month' strategy coming last. This is not surprising given that during a large part of the forecast horizon 2004 week 19 to 2007 week 19, over which this evaluation of the models is made, the 1-month return was higher than the others, Figure 1 . Looking to positions 2 to 5, under the 1-month vs 3-month the RW models perform well at H = 3; 6 and the MVART models at H = 12; 18; 24. Under 1-month vs 6-month and 1-month vs 12-month the success of the RW models is apparent at all A and H.
We have considered two di¤erent forecast evaluation criteria, the RMSE which provides a statistical measure and the realised wealths which is an economic value measure of forecast accuracy. When comparing the results under the two criteria, under the 1-month vs 3-month the RW models outperform the MVART models at all H when considering the RMSEs, whereas the MVART models achieve a higher realised wealth at H = 12; 18; 24 under the economic value measure. So the conclusions drawn under each criterion do not entirely correspond. Under the 1-month vs 6-month and 1-month vs 12-month both the statistical and the economic value criteria do correspond, to …nd that the RW models perform best at all H.
Further, from the RMSE ratios in Table 5 , the performance of the MVART models relative to the benchmark deteriorates as H increases. In which case, we would also expect the di¤erence between the realised wealths of the two models to increase as H increases. But the di¤erences in the realised wealths between the RW and MVART models are small and the ratios of the realised wealths to the benchmark, Table 8, are quite constant over H.
So the RMSEs suggest that the forecasting errors of the MVART models are larger than those of the RW models. But when considering realised wealths a huge di¤erence is not observed, with this economic value measure not exhibiting such an obvious di¤erence between assumptions of no predictability and predictability.
We ignore transactions costs in this exercise, but appreciate that the transactions costs of a rolling investment in m-period bills will be higher than that of an investment in a n-period long bond. From the realised wealths in Table 7 , the di¤erences in the realised wealths between the two strategies are very small, with any gain from adopting a rolling strategy likely to be eradicated with the inclusion of transactions costs.
Conclusion
Previous studies …nd that by using an alternative assessment criterion that considers the economic value of the forecasts, in comparison to conventional statistical methods can yield support for theory informed models. This highlights the importance of judging forecasts in the decision making context for which they are intended.
In this investigation we examine how the optimal allocations of a utility maximising investor are a¤ected by the assumptions she makes regarding the predictability of returns and parameter uncertainty. If the investor believes that returns are not predictable she uses a random walk with drift model in her decision making. Alternatively, if she believes they are predictable she uses the fundamentals informed MVART model, that embeds the cointegration relations implied by the EH. Further, we evaluate the economic value of the out-of-sample forecasts of bill returns generated under these two models.
The e¤ect of assuming predictability on the optimal allocation is considerable, where the optimal weights under predictability are in some cases greatly di¤erent to those under no predictability. The e¤ect of parameter uncertainty is small over the investment horizon considered here.
Under the statistical evaluation criterion the RW models outperform the MVART models at almost all horizons when forecasting bond returns, even though evidence of misspeci…cation at the estimation stage is found under the RW model. When an economic value approach is used, we …nd some evidence to suggest that an investor seeking to optimally allocate her wealth between 1-month and n-month UK T-bills is better o¤, in terms of higher end-of-horizon wealth, by assuming predictability than an investor who assumes no predictability.
From Clements and Hendry (2005) as quoted in GL, the RMSE criterion penalises heavily parameterised models. Here, this could be exaggerating the superior performance of the RW model relative to the MVART under this criterion. Although the realised wealths imply that in some cases there are no gains from assuming predictability, the realised wealths of the two models are of the same magnitude and their ratios are very close to one. What can be deduced from these results is that the performance of the MVART model under the economic value criterion is not as poor as the RMSEs would suggest. This evidence of disparity between the results obtained under the two criteria suggests that the results are sensitive to the criterion used.
In conclusion, our results highlight the importance of evaluating the forecasts using an appropriate criterion. Here the investor is concerned with optimally allocating her portfolio, so it is necessary to incorporate the investor's feelings about risk and to consider the distribution about the predicted returns in the decision making and forecast evaluation process. In which case, the RMSE criterion seems somewhat inadequate for this purpose compared to the decision-based measure, which considers the objectives of the forecast user. In the context of investment decision making, we …nd some evidence of economic value to interest rate predictability, such that the investor may gain from assuming predictability. Here we describe how an estimate of the probability density function of the forecasts can be obtained through stochastic simulation techniques. We follow the discussion provided in GLPS and GL. The estimation procedure is discussed …rstly for given values of the parameters and then by taking parameter uncertainty into account.
From equation (3), the maximum likelihood estimates of the model parameters are denoted b = b ;B i ;^ , for i = 1 to p: In the absence of parameter uncertainty the investor assumes there is no uncertainty about the model parameters and they are …xed at the estimated values. The model is iterated forward to produce the point estimates of the h-step ahead forecasts, conditional on the observed data X T and the estimated parameter values b :x
ixT +h i (11) for h = 1; 2; :::; H; ::: Using the initial values of the variables x T; x T 1; :::; x T p+1; these forecasts are produced recursively.
First considering stochastic uncertainty only, the forecast values of the variables x T +h can be computed using stochastic simulations, providing an estimate of P X T +1;H j X T ; b from:
x (e r)
where x T +h is the h-step ahead forecast. Given that H is the end of the investment period, the investor is concerned with forecasts from h = 1 to H. Further, let e R denote the total number of replications of the above simulation, e r = 1 to e R and gives the e r th replication. Furthermore, for current and past values of x the actual values are used such that x (e r)
T +h i = x T +h i for each replication. To generate forecasts in the presence of parameter uncertainty the monte carlo procedure is used. First, the (in-sample) past values of x t are simulated e H times, t = 1; 2; :::; T; denoted xportfolio weight which maximises expected utility. Considering stochastic and parameter uncertainty: P (X T +1;H j X T ) Using the estimated model parameters b ; in-sample values of x T are simulated e H times, where t = 1; :::; T and e h = 1; :::; e H, here e R = 1000 and e H = 2000. Using each of these e H 'histories'of x T estimate the model, this yields e H sets of parameter estimates b ( e h) . For each history compute e R replications of the h-step ahead point forecasts of x T , where e r = 1; :::; e R. Repeat the above steps from the stochastic uncertainty only method above for each history and its corresponding set of e R simulated futures. Such that e H sets of E T (W T +H ) are calculated for given values of !; A and H, the investor selects the portfolio weight that maximises E T (W T +H ) for a given H and A; for each history e H: 
